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Abstract
We give a superfield extension of the ADHM construction for the Euclidean
theory obtained by Wick rotation from the Lorentzian four dimensional N = 1
super Yang-Mills theory. In particular, we investigate the procedure to guarantee
the Wess-Zumino gauge for the superfields obtained by the extended ADHM con-
struction, and show that the known super instanton configurations are correctly
obtained.
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1 Introduction
Instantons and their effects in field theory have been investigated for more than two
decades (see, for example, [1, 2] and references therein) and still attract much attention
in theoretical physics. It is well known that the instanton configurations of the gauge field
can be obtained by the ADHM construction [3]. In supersymmetric theories, there are
zero modes of adjoint fermions in the instanton background, which naturally introduce the
superpartner of the bosonic moduli called Grassmann collective coordinates (or fermionic
moduli). The fermion zero modes together with the bosonic configurations are called
super instantons. To give the super instanton solutions, superfield extensions of the
ADHM construction were proposed in [4, 5], in which the fermionic moduli belong to
the same superfield containing the corresponding bosonic moduli (see also [6]–[11] for
related works). Recently it was found that supersymmetric gauge theory defined in a kind
of deformed superspace, called non(anti)commutative superspace, arises in superstring
theory as a low energy effective theory on D-branes [12]. To obtain instantons in such
a deformed theory the superfield extension of the ADHM construction would be useful,
because such a non(anti)commutative theory is realized by deforming the multiplication
of superfields.
It is recognized, however, that even without deformation there exists a gap between the
superfield extension of the ADHM construction and the super instantons obtained by the
component formalism. We will consider the Euclidean theory obtained by Wick rotation
from the Lorentzian four dimensional N = 1 super Yang-Mills (SYM) theory. Hereafter,
“N = 1” stands for the counting of the supercharges in the Lorentzian theory before
Wick rotation. The ADHM construction gives the instanton gauge fields. One of the
fundamental objects in the ADHM construction is the “zero-dimensional Dirac operator”
∆α(x) = aα + xαα˙b
α˙, where a contains the bosonic moduli parameters. Given the zero
modes v of ∆α, the instanton gauge fields are constructed and written in terms of a and
v. In N = 1 SYM theory, there exist fermion zero modes coming from the gaugino in
the instanton backgrounds. It is well known that they are expressed by using the ADHM
data and the fermionic moduli parameters M. When we consider an N = 1 superfield
extension of the ADHM construction, the operator ∆α(x) defined above is extended to a
chiral superfield ∆ˆα(y, θ) = ∆α(y)+θαM as was proposed in [4, 5]. A superfield obtained
from the extended ADHM construction as a super instanton configuration should be taken
in the Wess-Zumino (WZ) gauge in order to be compared with the known results from
the component formalism and, of course, should be consistent with them in its higher
components as a superfield. So far there is no elaborated procedure to guarantee the WZ
gauge for the superfields obtained by the extended ADHM construction.
It has been also argued [13] that superfield extensions of the ADHM construction for
four dimensional Euclidean theories exist only for theories with extended supersymme-
try or complexified gauge group. In formulating the extended ADHM construction, the
1
authors of refs. [4, 5] have introduced a counterpart of ∆ˆα(y)
4. In order to include the
purely bosonic ADHM construction, this counterpart should coincide with the complex
conjugate of ∆α(x) when θ, θ¯ → 0. If we assume that the counterpart is obtained by a
kind of conjugation operation, such a conjugation maps a chiral (antichiral) superfield in
N = 1 theory to another chiral (antichiral) superfield. In particular, this implies that the
undotted (dotted) spinor θα (θ¯α˙) is self-conjugate under this conjugation. Since Majorana
spinors do not exist in four dimensional Euclidean space, the Grassmann coordinates θα
and θ¯α˙ in N = 1 theory are necessarily (independent) complex spinors5 and we cannot
impose the desired reality condition on θ and θ¯ with respect to the complex conjugation.
In this paper, we would like to establish an N = 1 extended ADHM construction, i.e. a
superfield extension of the ADHM construction for the Euclidean theory obtained by Wick
rotation from the Lorentzian four dimensional N = 1 SYM theory. We consider SU(n)
or U(n) gauge groups for definiteness. As was pointed out in ref. [16], for example, it is
useful to introduce a kind of conjugation (which we denote by “‡”) in order to analyze the
Euclidean version of the N = 1 theory. In terms of the ‡-conjugation, we are allowed to
impose “reality” conditions for spinors: For example, (θα)
‡ = εαβθβ , (θ¯α˙)
‡ = εα˙β˙ θ¯β˙ . These
conditions imply that ‡ squares to −1 on spinors and this will be one of the characteristic
properties of the conjugation. With the use of the ‡-conjugation, we investigate the
extended ADHM construction, where especially care is taken to ensure the WZ gauge
for the superfields from the extended ADHM construction. We show that the ADHM
construction can be consistently extended in the N = 1 superfield formalism. As a result
we will see that the obtained gauge potential can be real, allowing us to choose SU(n) or
U(n) gauge groups rather than their complexification.
This paper is organized as follows. In section 2, we review the geometric construction
of the Euclidean version of N = 1 SYM theory and the N = 1 extended ADHM construc-
tion proposed in [4, 5]. In section 3, we find the conditions in the N = 1 extended ADHM
construction to give superfields in the WZ gauge and show that the resulting superfields
are actually consistent with known results. Section 4 is devoted to conclusions and dis-
cussion. Our notation and conventions are summarized in appendix A. Note that we are
working on four dimensional Euclidean space but we will use the Lorentzian signature
notation of [17]. Finally, in appendix B, we describe the ‡-conjugation rules which we
have adopted.
4In ref. [5], it is the transposed matrix of ∆ˆα(y).
5Similarly λα and λ¯α˙ also become independent complex spinors. Nevertheless, in the path integral,
Grassmann integration Dλ does not distinguish real and complex spinors [14, 15], so that the fact that
λα and λ¯α˙ are independent complex spinors does not matter as far as we are interested in the instanton
contribution to the path integral of the Lorentzian four dimensional N = 1 theory [1].
2
2 The super ADHM construction
2.1 The geometric construction of N = 1 super Yang-Mills
In this subsection, we review the geometric construction of the Euclidean version of the
N = 1 SYM theory obtained by Wick rotation (see [17, 19, 20] and appendix A for
our notation and conventions), using the superspace formalism. In this construction the
basic object is the connection superfield φA = (φµ, φα, φ
α˙) on the superspace, and the
curvature superfield FAB is defined (see eq. (A.18) in appendix A). FAB satisfies the
Bianchi identities (A.20).
The curvature FAB contains many redundant fields and the following constraints are
known to be the proper ones to get rid of the redundant fields and to reproduce the
multiplet of N = 1 SYM theory:
Fαβ = Fα˙β˙ = Fαβ˙ = 0. (2.1)
We choose the following solution to these constraints:
φα = −e
−VDαe
V , φα˙ = 0, φµ = −
i
4
σ¯β˙βµ D¯β˙φβ. (2.2)
where V = V rT r, V r are superfields and T r denote the hermitian generators of SU(n)
or U(n). Then the non-trivial curvature superfields satisfying the Bianchi identities are
written as
Fµα˙ =
i
2
Wβσµβα˙, Fµα =
i
2
σµαβ˙W¯
β˙ , Fµν = −
1
4
(D¯σ¯µνW¯ − DσµνW), (2.3)
where
Wα =W α, W¯α˙ = e
−V W¯α˙e
V , (2.4)
and
Wα = −
1
4
D¯β˙D¯
β˙
(
e−VDαe
V
)
, W¯α˙ =
1
4
DβDβ
(
eV D¯α˙e
−V
)
. (2.5)
Even after fixing the solution such that φα˙ = 0, there remains the following gauge
freedom:
eV 7→ e−iΛ¯
′
eV eiΛ, (2.6)
where Λ and Λ¯′ are an independent chiral and anti-chiral superfield in the adjoint repre-
sentation, respectively. This remaining gauge freedom allows us to bring the superfield V
into the following form (the WZ gauge):
V = −θσµθ¯vµ(x) + iθθθ¯λ¯(x)− iθ¯θ¯θλ(x) +
1
2
θθθ¯θ¯D(x). (2.7)
Here all the component fields are complex. In this gauge, the remaining gauge freedom
of (2.6) is the one with Λ(y, θ) = ϕ(y) and Λ¯′(y¯, θ¯) = ϕ′(y¯) where ϕ and ϕ′ are complex
3
valued functions. We require ϕ′(x) = ϕ(x) which implies that the transformation (2.6)
gives the ordinary gauge transformation laws for the component fields. Hereafter, we call
V a vector superfield. In the WZ gauge, we have
φα =
[
(σµθ¯)α(vµ + iθσµλ¯)− θ¯θ¯Wα
]
(y), (2.8)
φα˙ = 0, (2.9)
φµ = −
i
2
[
vµ + iθσµλ¯− θ¯σ¯µW
]
(y) (2.10)
and
Wα = −iλα(y) + θ
γ
{
εαγD − i(σ
µνε)αγvµν
}
(y) + θθ(σµDµλ¯)α(y), (2.11)
W¯α˙ = iλ¯α˙(y¯) + θ¯γ˙
{
δγ˙α˙D − i(σ¯
µν)γ˙ α˙vµν
}
(y¯) + θ¯θ¯(Dµλσ
µ)α˙(y¯). (2.12)
Here vµν = ∂µvν − ∂νvµ +
i
2
[vµ, vν ] and Dµλ¯ = ∂µλ¯+
i
2
[vµ, λ¯].
The Lagrangian is given by
L =
−1
4g2
(∫
d2θtrW αWα +
∫
d2θ¯trW¯α˙W¯
α˙
)
=
−1
g2
tr
[
−
1
4
vµνvµν − iλ¯σ¯
µDµλ+
1
2
D2
]
.
(2.13)
2.2 The N = 1 extended ADHM construction
Throughout this paper, we concentrate on anti-self dual (ASD) gauge fields. The super
ASD instanton configurations satisfy the following equations:
⋆ vµν = −vµν , σ
µDµλ¯ = 0, λα = 0, D = 0, (2.14)
where ⋆ is the Hodge star: ⋆vµν = 1
2
εµνρσvρσ (see appendix A for our convention).
Let us first briefly review the ordinary ADHM construction [3] with SU(n) (or U(n))
gauge group. The ADHM construction gives the ASD field strength. Let us consider a k
instanton configuration. Define ∆α(x) such as
∆α(x) = aα + xαα˙b
α˙ (2.15)
where aα and b
α˙ are constant k× (n+2k) matrices and xαα˙ ≡ ixµσ
µ
αα˙
6. We assume that
∆α has maximal rank everywhere except for a finite set of points. Its hermitian conjugate
∆†α ≡ (∆ˆα)† is given by
∆†α(x) = a†α + b†
β˙
xβ˙α. (2.16)
6We include the factor i in the definition of xαα˙ to ensure (xαα˙)
∗ = +xα˙α, where “∗” denotes the
complex conjugate. See appendix A.
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Then the gauge field vµ is given by
vµ = −2iv
†∂µv, (2.17)
where v is the set of the normalized zero modes of ∆α:
∆αv = 0, v
†v = 1n. (2.18)
After imposing the bosonic ADHM constraints
∆α∆
†β ∝ δβα, (2.19)
aα can be identified with the bosonic instanton moduli parameters. Finally we find the
ASD field strength which is implicitly written in terms of the bosonic moduli:
vµν = 8iv
†b†σ¯µνfbv (2.20)
where f is defined as the inverse of
f−1 =
1
2
∆α∆
†α. (2.21)
In N = 1 SYM theory, there exist zero modes of the adjoint fermion λ¯α˙ in the ASD
instanton background (while λα = 0) and they are written with the use of the ADHM
data [18] as
λ¯α˙ = 2iv
†(b†α˙fM−M
†fbα˙)v, (2.22)
where M is a k × (n + 2k) Grassmann odd matrix satisfying the fermionic ADHM con-
straints
M∆†α +∆αM
† = 0. (2.23)
M can be identified with the fermionic moduli parameters after imposing the fermionic
ADHM constraints.
The super instanton condition (2.14) can be rewrite in the superfield formalism [4, 5]
as
Fµα˙ = 0, (2.24)
⋆Fµν = −Fµν , (2.25)
where F is the curvature superfield satisfying the Bianchi identity. Actually, substituting
eqs. (2.14) into Wα in (2.11), we find Wα = 0. This is equivalent to Wα = 0 as seen
from (2.4). Then (2.24) and (2.25) follow from eq. (2.3). The equation (2.24) is called the
super ASD condition [5] (note that eq. (2.24) implies eq. (2.25)). For later use, we give
the expression of Fµν for the super instanton configuration:
Fµν = −
i
2
(
vASDµν − iθσ
ρσ¯µνDρλ¯− iθθλ¯σ¯µν λ¯
)
, (2.26)
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where vASDµν is the ASD part of the field strength vµν . Note also that the connection
superfields (2.8)–(2.10) for the super instantons take the following forms:
φα = (σ
µθ¯)α(vµ + iθσµλ¯)(y), φα˙ = 0, φµ = −
i
2
(vµ + iθσµλ¯)(y). (2.27)
To solve the super ASD condition (2.24), we introduce a superfield extension of the
ADHM construction along the line of refs. [4, 5]. By construction, as we will see below,
the solutions of the extended ADHM construction include all the solutions given in the
component formalism. We define the following quantity which might be interpreted as a
superfield extension of the zero dimensional Dirac operator in the WZ gauge:
∆ˆα = ∆α(y) + θαM, (2.28)
where ∆α(y) is the zero dimensional Dirac operator in the ordinary ADHM construction
with replacing xµ by the chiral coordinate yµ = xµ+iθσµθ¯ andM is a k×(n+2k) fermionic
matrix which includes the fermionic moduli. We suppose that ∆ˆα has a maximal rank
almost everywhere as in the ordinary ADHM construction. Also, its counterpart
˜ˆ
∆α is
introduced by 7 ˜ˆ
∆α ≡ ∆†α(y) + θαM†. (2.29)
We will show that
˜ˆ
∆α can be identified with the ‡-conjugation of ∆ˆα in the next section.
The operator ∆ˆα defined in eq. (2.28) is a chiral superfield without the highest com-
ponent. This can be explained in the following way. Since the operator ∆α appearing
in the ordinary ADHM construction is related with the Dirac operator reduced to zero
dimensional space, we expect that its superfield extension ∆ˆα is related to the reduction
of the super connection φµ. In fact, we see from eq. (2.27) that the reduction of the con-
nection φµ for the super instantons actually gives a chiral superfield without the highest
component in the WZ gauge. The linearity of ∆ˆα in terms of y
µ and θα is also suggested
by the supersymmetric version of twistor theory [4] (see also [21, 22, 5]).
Another basic object in the ADHM construction is the zero modes of ∆ˆα. As ∆ˆα has
n zero modes we collect them in a matrix form:
∆ˆαvˆ = 0 (2.30)
where vˆ is an (n+2k)×n matrix of superfields. The zero mode superfield ˜ˆv of ˜ˆ∆α is also
defined by ˜ˆv ˜ˆ∆α = 0, (2.31)
7In ref. [5], the counterpart of ∆ˆα is defined as the transposed matrix of ∆ˆα.
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which is an n× (n+2k) matrix. By construction its lowest component is v† 8. We require
vˆ and ˜ˆv to satisfy ˜ˆvvˆ = 1. (2.32)
The matrix vˆ defines an embedding of the n-dimensional vector space into the (n+2k)-
dimensional vector space. And the projection operator vˆ˜ˆv defines the n dimensional vector
bundle embedded in the n+2k dimensional trivial vector bundle. Using vˆ we can pullback
the trivial connection of the trivial bundle with rank (n + 2k), and get the non-trivial
connection of the vector bundle with rank n as follows:
φ = −˜ˆvdvˆ. (2.33)
where d is exterior derivative of superspace (see appendix A). The connection φ defines
the curvature
F = dφ+ φφ = ˜ˆvd ˜ˆ∆αKˆαβd∆ˆβ vˆ, (2.34)
where
Kˆ−1α
β ≡ ∆ˆα
˜ˆ
∆β = ∆α∆
†β + θγ
(
∆αδ
β
γM
† + εαγM∆
†β
)
+ θθ
(1
2
δβαMM
†
)
(2.35)
and Kˆα
β is defined such that Kˆ−1α
βKˆβ
γ = Kˆα
βKˆ−1β
γ = δγα1k. To obtain the expression
(2.34), we have used the completeness condition:
vˆ˜ˆv = 1n+2k − ˜ˆ∆αKˆαβ∆ˆβ . (2.36)
The coefficient of the 2-form F defines the superfield FAB:
FAB = −˜ˆvD[A ˜ˆ∆αKˆαβDB}∆ˆβ vˆ. (2.37)
If Kˆ commutes with the Pauli matrix, the field strength Fµν becomes ASD as in the
bosonic ADHM construction although it is a superfield now. This is equivalent to the
condition ∆ˆα
˜ˆ
∆β ∝ δβα and thus
Kˆ−1α
β = δβαfˆ
−1 (2.38)
where
fˆ−1 ≡
1
2
∆ˆα
˜ˆ
∆α (2.39)
is a k × k matrix superfield. There exists fˆ because we have assumed that ∆ˆα has
maximal rank. The above condition (2.38) leads to both the bosonic ADHM constraints
8Note that in ref. [5] the zero mode superfield ˜ˆv of ˜ˆ∆α is given by the transposed matrix of vˆ, because˜ˆ
∆α is defined as the transposed matrix of ∆ˆα. It results in complex field strengths, as we will be able
to see from Fµν in (2.40) whose lowest component is −
i
2
vµν . In this case, the field strength reads
vµν = 8iv
TbTσ¯µνfbv where fˆ
−1 ≡ 1
2
∆ˆα∆ˆ
Tα.
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(2.19) and the fermionic ones (2.23). When eq. (2.38) holds, i.e., the parameters in ∆ˆα
are satisfying both bosonic and fermionic ADHM constraints, we obtain from eq.(2.37)
the ASD curvature superfield (2.25) and another (non-trivial) one in terms of the ADHM
quantities:
Fµν = 4˜ˆvb†σ¯µν fˆ bvˆ, (2.40)
Fµα =
i
2
σµαβ˙
{
−2˜ˆv(b†β˙ fˆM−M†fˆ bβ˙)vˆ − 8θ¯γ˙ ˜ˆv(b†β˙ fˆ bγ˙ + b†γ˙ fˆ bβ˙)vˆ} . (2.41)
We can check that the curvature superfields satisfy the covariant constraints (2.1) and
the super ASD condition (2.24). Fα˙β˙ = Fαβ˙ = 0 and Fµα˙ = 0 are simply a consequence of
the definition of ∆ˆα as a chiral extension of ∆α. Note that Fαβ = 0 is checked with the
use of the constraint (2.38) and
Dβ∆ˆα = εαβ(M+ 4θ¯β˙b
β˙), Dβ
˜ˆ
∆α = δαβ (M
† + 4b†
β˙
θ¯β˙). (2.42)
and the fact that Fαβ is symmetric with respect to α and β. This implies that all the
constraints and the super ASD condition are satisfied by the connection (2.33), with vˆ
being the zero modes of ∆ˆα obeying the constraint (2.38).
So far we have reviewed an N = 1 generalization of the ADHM construction to the
superfield formalism and have shown that the extended ADHM construction formally
gives the ASD connection φ in the superfield formalism. The component fields of super
instantons in the WZ gauge can be found without knowing the higher components of vˆ
and fˆ . They can be obtained by using the following relations:
vµν = 2iFµν |, λα = iWα|, λ¯α˙ = −iW¯α˙|, D = −
1
2
DαWα|, (2.43)
where | indicates that we take θ = θ¯ = 0 (see also [7]). We find that W¯ is given by
W¯ α˙ = −2˜ˆv(b†α˙fˆM−M†fˆ bα˙)vˆ − 8θ¯γ˙ ˜ˆv(b†α˙fˆ bγ˙ + b†γ˙ fˆ bα˙)vˆ (2.44)
since W¯ α˙ = i
2
σ¯µα˙βFµβ , and W
α = 0 from Wα = i
2
σ¯µβ˙αFµβ˙ . Fµν is given in (2.40). Thus,
we obtain
vµν = 8iv
†b†σ¯µνfbv, (2.45)
λ¯α˙ = 2iv
†(b†α˙fM−M
†fbα˙)v, (2.46)
λα = D = 0, (2.47)
where f is the lowest component of fˆ and given by the inverse of (2.21) for the case under
consideration. The above fields precisely coincide with the super instanton configuration
in eqs. (2.20) and (2.22). Note that here we have only used the lowest components of
8
vˆ and fˆ , hence we do not need to solve the equation (2.30). However, we will solve eq.
(2.30) in the next section and determine the full form of the connection φµ, in order to
confirm that this formalism can lead to the correct superfield extension of the ordinary
ADHM construction. For this end, the information of the higher components of vˆ and fˆ
is necessary and this will be a non-trivial check of the consistency of our extension.
3 Consistency of the extended ADHM construction
3.1 The conjugation
As we discussed in the previous section, to formulate the extended ADHM construction
a kind of conjugation is needed, which maps the superfields ∆ˆα and vˆ to
˜ˆ
∆α and ˜ˆv,
respectively. In order to determine the full form of the connection superfield φµ, it is
found that we need to consider such a kind of conjugation also for other quantities. This
“conjugation” operation should map a chiral superfield in N = 1 theory to another chiral
superfield. Thus the ‡-conjugation satisfies at least the following properties: It maps
the undotted (dotted) spinor θα (θ¯α˙) to itself and the chiral coordinate y
µ is invariant
under this conjugation. In addition, the “conjugation” of the quantities appearing in the
purely bosonic ADHM construction should reduce to the ordinary complex (hermitian)
conjugation.
A conjugation suitable for our purpose (which we denote as “‡”) has been considered in
the literature (for example, [16]). The ‡-conjugation can be characterized by the following
properties:
A‡‡ = (−)|A|A, (3.1)
(yµ)‡ = yµ, (3.2)
B‡ = B†, (3.3)
where A denotes any quantity appearing in this paper (|A| denotes its Grassmann oddness)
and B appearing in the purely bosonic ADHM construction. In addition, we require that
θα and θ¯α˙ satisfy the following “reality” conditions:
(θα)
‡ = θα, (θ¯α˙)
‡ = θ¯α˙. (3.4)
We also introduce for each quantity its counterpart in the “anti-holomorphic” sectors with
respect to the ‡-conjugation, which we indicate by a tilde “˜”. The rules we have adopted
are given in appendix B9.
9In particular, the ‡-conjugation of a product of two fermionic quantities A,B is defined by (AB)‡ =
−B‡A‡.
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We require the “reality” of the supercharges under the ‡-conjugation as well as the
Grassmann coordinates:
(Qα)
‡ = Qα, (Q¯α˙)
‡ = Q¯α˙, (3.5)
Then we can check that the supersymmetry algebra is self-conjugate under the ‡-conjugation.
Moreover, with the use of the ‡-conjugation (and the above “reality” conditions), we
can obtain the real gauge potential vµ in the Euclidean version of the N = 1 SYM theory.
We can impose the “reality” condition on the superfield V in (2.7) as a superfield equation:
V ‡ = −V. (3.6)
This condition implies 10
v†µ = vµ, (λα)
‡ = λα, (λ¯α˙)
‡ = λ¯α˙, D‡ = −D. (3.7)
Note that in our convention we have (θθ)‡ = θθ, (θ¯θ¯)‡ = θ¯θ¯ and (θσµθ¯)‡ = −θσµθ¯. In the
WZ gauge, as we have described in section 2.1, the gauge transformation (2.6) reduces to
eV 7→ e−iϕ(y¯)eV eiϕ(y), (3.8)
where ϕ is a complex valued function. After the imposition of (3.6), we find that ϕ(y)‡ =
ϕ(y) is required. This leads to ϕ(x)† = ϕ(x) and the condition v†µ = vµ is preserved even
after the gauge transformation. Thus we conclude that the gauge potential vµ is real and
the gauge group is SU(n) or U(n) rather than their complexification.
Also, the connection φ and the curvature F have the following gauge freedom
φ 7→ X−1φX −X−1dX, F 7→ X−1FX, (3.9)
where X is a generic superfield extension of the ordinary gauge transformation. In our
choice of the solution (2.2) to the covariant constraints, (φµ)
‡ = −φµ holds, which follows
from eq. (3.7) and can be checked with the use of the expression (2.10) in the WZ gauge.
Therefore, the superfield X should satisfies
X‡X = XX‡ = 1n (3.10)
or X‡ = X−1 after imposition of (3.6).
Now let us apply the ‡-conjugation to the extended ADHM construction introduced
in the previous section. According to the ‡-conjugation rules, we can check that (∆α)‡
coincides with
˜ˆ
∆α defined in (2.29):
(∆ˆα)
‡ =
˜ˆ
∆α. (3.11)
10The auxiliary field D is hermitian in the Lorentzian theory. On the other hand, according to the
rule in appendix B, D‡ = −D implies that D is anti-hermitian. Since we are considering the Euclidean
theory, the hermiticity of D is not necessary.
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Also, ˜ˆv appearing in (2.31) should also be identified with the “anti-holomorphic counter-
part” of vˆ with respect to the ‡-conjugation; from eqs. (2.33) and (2.34) we find that in
the extended ADHM construction the X transformation (3.9) is realized when vˆ and its
counterpart ˜ˆv appearing in (2.31) transform as
vˆ 7→ vˆ′ = vˆX, ˜ˆv 7→ ˜ˆv′ = X‡˜ˆv, (3.12)
where X‡ = X−1. This leads us to require ˜ˆv to be the ‡-conjugate of vˆ:
vˆ‡ = ˜ˆv. (3.13)
According to these identifications, the ‡-conjugation rules tells us that the curvature
superfield Fµν in (2.40) given by the extended ADHM construction enjoys the following
property:
(Fµν)
‡ = −Fµν . (3.14)
Here we have used fˆ ‡ = fˆ which follows from (2.39). Since the lowest component of Fµν
is − i
2
vµν , the above equation tells us that
v†µν = vµν , (3.15)
which further implies v†µ = vµ. This means that the gauge potential vµ given by the
extended ADHM construction can be kept and shown to be real if we adopt the ‡-
conjugation.
3.2 The Wess-Zumino gauge and the component fields
In this subsection, we show that the extended ADHM construction and the ‡-conjugation
can give the correct super instanton configurations. As we have discussed in the previous
subsection,
˜ˆ
∆α and ˜ˆv in section 2.2 are identified with the “anti-holomorphic” counterpart
of ∆ˆα and vˆ with respect to the ‡-conjugation, respectively. Keeping this identification
in mind, we can use all the equations in section 2.2 without any changes. We derive the
normalized zero modes vˆ of ∆ˆα by solving eq. (2.30) and determine the connection φµ.
The zero mode vˆ of ∆ˆα could be a general superfield. Given such a zero mode vˆ, we
can find another gauge equivalent zero mode vˆ′ by the transformation (3.12). We can
always expand vˆ in terms of θ¯ as
vˆ(y, θ, θ¯) = uˆ(y, θ) + θ¯α˙uˆ
′α˙(y, θ) + θ¯θ¯uˆ′′(y, θ), (3.16)
where vˆ(y, θ, θ¯) denotes the expression of the zero modes in the chiral basis. uˆ should
be normalized as ˜ˆuuˆ = 1n because of (2.32). Because ∆ˆ is a chiral superfield, ∆ˆαvˆ is
expanded in terms of θ¯ as
∆ˆαvˆ(y, θ, θ¯) = ∆ˆαuˆ(y, θ) + θ¯α˙∆ˆαuˆ
′α˙(y, θ) + θ¯θ¯∆ˆαuˆ
′′(y, θ) (3.17)
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and the zero mode equation leads to the following equations:
∆ˆαuˆ(y, θ) = 0, ∆ˆαuˆ
′α˙(y, θ) = 0, ∆ˆαuˆ
′′(y, θ) = 0. (3.18)
Once the normalized chiral superfield uˆ is found, the fields uˆ′α˙ and uˆ′′α˙ can be obtained
with the use of uˆ by
uˆ′α˙ = uˆAα˙, uˆ′′ = uˆB, (3.19)
where A1˙, A2˙ and B are arbitrary n× n matrices of chiral superfields. Therefore the zero
mode vˆ can always be written as
vˆ(y, θ, θ¯) = uˆ(y, θ)A(y, θ, θ¯) (3.20)
where
A(y, θ, θ¯) ≡ 1n(y, θ) + θ¯α˙A
α˙(y, θ) + θ¯θ¯B(y, θ), (3.21)
and A‡ = A−1 from the normalization conditions of vˆ and uˆ. The superfield A is elim-
inated by the X gauge transformation (3.12) with X = A−1. Therefore, we can always
restrict the zero mode superfield vˆ to a chiral superfield.
When vˆ and ˜ˆv are chiral superfields, we find from (2.33) that φα˙ = 0, and also that
φµ is a chiral superfield (D¯α˙φµ = 0) because eq. (2.33) tells us that φµ is given by
φµ(y, θ) = −˜ˆv ∂
∂yµ
vˆ(y, θ). (3.22)
These facts are consistent with the connection superfields for the super instantons (2.27).
In the following, we show that we can actually find vˆ which is a chiral superfield and
correctly gives the connection superfields (2.27).
Considering φα, we find non-trivial necessary conditions to determine such vˆ. In the
ADHM construction, φα can be written in the chiral basis as
φα = −˜ˆvDαvˆ = −˜ˆv ∂
∂θα
vˆ(y, θ) + 2i(σµθ¯)αφµ(y, θ). (3.23)
On the other hand, from (2.27) we see that φα for the super instanton solutions should
satisfy
φα = 2i(σ
µθ¯)αφµ(y, θ), (3.24)
in the WZ gauge. As a result, it should hold that
˜ˆv ∂
∂θα
vˆ(y, θ) = 0, (3.25)
which is a necessary condition for vˆ to be in the WZ gauge. In the component language,
denoting the zero mode chiral superfield vˆ as
vˆ(y, θ) ≡ v(0)(y) + θγv(1)γ (y) + θθv
(2)(y), (3.26)
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the above condition gives
v˜(0)v(1)α = 0, (3.27)
v˜(0)v(2)δβα =
1
2
v˜(1)βv(1)α , (3.28)
v˜(1)α v
(2) = v˜(2)v(1)α . (3.29)
In addition to this, the θθ-component of the ASD connection φµ should vanish in the WZ
gauge:
φµ|θθ = v˜
(2)∂µv
(0) + v˜(0)∂µv
(2) −
1
2
v˜(1)γ∂µv
(1)
γ = 0. (3.30)
We can use these conditions to determine vˆ in the WZ gauge.
The zero dimensional Dirac equation (2.30) can be written as
∆αv
(0) + θγ
(
∆αv
(1)
γ + εαγMv
(0)
)
+ θθ
(
∆αv
(2) +
1
2
Mv(1)α
)
= 0. (3.31)
With a given v(0) that satisfies ∆αv
(0) = 0 and v˜(0)v(0) = 1n, this equation is solved by
v(1)γ = ∆˜γfMv(0) + v(0)χγ , (3.32)
v(2) = −
1
2
∆˜γfM
(
∆˜γfMv
(0) + v(0)χγ
)
+ v(0)s, (3.33)
where χα and s are an arbitrary n× n fermionic and bosonic matrix, respectively. With
the use of the ‡-conjugation rules, we also find
˜ˆv(y, θ) = v˜(0)(y) + θγ v˜(1)γ (y) + θθv˜(2)(y), (3.34)
where v˜(0) satisfies v˜(0)∆˜α = 0 and v˜(0)v(0) = 1n, and
v˜(1)γ = −v˜
(0)M˜f∆γ + χ˜γ v˜
(0), (3.35)
v˜(2) =
1
2
(
−v˜(0)M˜f∆γ + χ˜γ v˜(0)
)
M˜f∆γ + s˜v˜
(0). (3.36)
To obtain this expression, we have used (∆˜γ)‡ = ∆γ, f
‡ = f . We can check that ˜ˆv given
by the above components actually satisfies ˜ˆv ˜ˆ∆α = 0.
Next we will determine vˆ in the WZ gauge. Substituting (3.32) and (3.33) into the
necessary conditions (3.27) and (3.28), we find
χα = 0, s =
1
2
v˜(0)M˜fMv(0). (3.37)
The third condition (3.29) is fulfilled by these χα and s. The resulting zero mode vˆ in the
WZ gauge is
vˆ = v(0) + θγ
(
∆˜γfMv
(0)
)
+ θθ
(1
2
M˜fMv(0)
)
, (3.38)
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and its conjugate is
˜ˆv = v˜(0) + θγ(−v˜(0)M˜f∆γ)+ θθ(1
2
v˜(0)M˜fM
)
. (3.39)
Here we have used the fermionic ADHM constraint M∆˜γ = −∆γM˜. We can check that
this vˆ satisfies the normalization condition.
We can explain the relation between the zero mode vˆ given by (3.32) and (3.33), and
the one in the WZ gauge (3.38), in terms of the X gauge transformation. Note that even
if the zero mode superfield vˆ is taken to be a chiral superfield, there is a remaining X
gauge freedom (3.12) by a chiral superfield X(y, θ). Denoting the chiral superfield X as
X(y, θ) = X(0)(y) + θγX(1)γ (y) + θθX
(2)(y), (3.40)
we find that the components of vˆ transform as
v(0) 7→ v(0)X(0), (3.41)
v(1)α 7→ v
(1)
α X
(0) + v(0)X(1)α , (3.42)
v(2) 7→ v(2)X(0) + v(0)X(2) −
1
2
v(1)γX(1)γ . (3.43)
It is easy to check that the gauge transformation of the former vˆ by the following X gives
vˆ in the WZ gauge (3.38):
X = 1n + θ
γ
(
−χγ
)
+ θθ
(
−s−
1
2
χγχγ +
1
2
v˜(0)M˜fMv(0)
)
. (3.44)
Fixing the gauge to the one in which vˆ is given as in (3.38), the X symmetry breaks
down to the ordinary SU(n) (or U(n)) gauge symmetry; now only X(y, θ) = X(0)(y)
is allowed, thus X‡ = X−1 means X(0)(y)‡ = X(0)(y)−1, which further implies that
X(0)(x)† = X(0)(x)−1.
We check that the above vˆ correctly gives the connection φ in the WZ gauge of our
solution (2.2). For the instanton solutions in the WZ gauge, φµ should be φµ = −
i
2
(vµ +
iθσµλ¯)(y) with vµ and λ¯ being (2.17) and (2.22) respectively. In fact, substituting the
above vˆ and ˜ˆv into eq. (2.33), we find that the connection now becomes
φµ = −v˜
(0)∂µv
(0) + iθγσµγβ˙ v˜
(0)(−b˜β˙fM−M˜fbβ˙)v(0). (3.45)
Here the θθ-component vanishes due to the relation
∂µf = f∆
γ∂µ∆˜γf (3.46)
which can be proved with the use of the bosonic ADHM constraints and the canonical
forms of b and b˜. Writing v(0) = v, we see that v˜(0) = v†, M˜ = M† and b˜ = −b† follow
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from the definition of the ‡-conjugation (see appendix B), and the above φµ coincides
with the connection in the WZ gauge:
φµ = −
i
2
[
−2iv†∂µv + iθ
γσµγβ˙
{
2iv†(b†β˙fM−M†fbβ˙)v
}]
. (3.47)
Thus φµ correctly reproduces the gauge field (2.17) and the fermion zero mode (2.22) of
super instantons. Note that φα satisfies (3.24) and φα˙ = 0, by construction.
With the use of (3.38), we can also check that Fµν in (2.40) gives the correct component
fields of (2.26). To verify this, we need fˆ : ¿From the eqs.(2.28) and (2.38), fˆ−1 is given
by
fˆ−1 = f−1 + θγ∆γM˜+
1
2
θθMM˜ (3.48)
and its inverse fˆ is found to be
fˆ = f
[
f−1 − θγ∆γM˜ −
1
2
θθM(1− ∆˜γf∆γ)M˜
]
f. (3.49)
Finally, let us discuss the dimension of the moduli space in the super field formalism of
the instanton solution. The curvature F is invariant under the following GL(k)×U(n+2k)
global symmetry transformation
∆ˆα → G∆ˆαΛ, fˆ → GfˆG
†, vˆ → Λ−1vˆ, (3.50)
where G ∈ GL(k) and Λ ∈ U(n+2k). After fixing b in the canonical form, the global sym-
metry breaks down to U(n)×U(k) as in the purely bosonic ADHM construction. There-
fore, the number of the bosonic parameters contained in ∆ˆα is 4nk as the usual bosonic
case after imposing the bosonic ADHM constraints (2.19). The number of fermionic pa-
rameters contained in M is 2k(n + 2k). There is no additional symmetry and thus the
number of fermionic parameters is reduced simply by the fermionic ADHM constraints
(2.23) and is 2kn.
4 Conclusions and discussion
In this paper, we have studied the N = 1 superfield extension of the ADHM construction.
We found a procedure to guarantee the WZ gauge for the superfields from the extended
ADHM construction. Using the ‡-conjugation which enables us to impose a kind of reality
condition, we have shown that the extended ADHM construction correctly gives super
instanton configurations for the theory with SU(n) or U(n) gauge group, rather than their
complexification.
It would be interesting to apply the extended ADHM construction to field theories
in non(anti)commutative superspace [12]. The deformed super instanton configurations
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in such theories [23] can be obtained by replacing the product of superfields appearing
in the extended ADHM construction by the Moyal type ∗-product. In order to find the
component fields of super instantons, to guarantee the WZ gauge is especially important,
and this step can be accomplished by using the ‡-conjugation. A detailed analysis will
appear in a forthcoming paper [24].
Acknowledgments: The authors would like to thank U. Carow-Watamura for dis-
cussions. T. A. is very grateful to the members of the Particle Theory and Cosmology
Group at Tohoku University for their support and hospitality, and would also like to thank
K. Ohashi for useful comments. This research is partly supported by Grant-in-Aid for Sci-
entific Research from the Ministry of Education, Culture, Sports, Science and Technology,
Japan No. 13640256 and 13135202. T. A. is supported by Grant-in-Aid for Scientific Re-
search in Priority Areas (No. 14046201) from the Ministry of Education, Culture, Sports,
Science and Technology.
A Notation and conventions
By Wick rotation x0E = xE0 = ix
0, we obtain the Euclidean theory with the metric
ηµν = ηµν = diag(1, 1, 1, 1) where µ, ν = 0, 1, 2, 3. We drop the subscript “E”.
The antisymmetric ε-tensors for the spinor indices are defined by
ε21 = ε
12 = ε2˙1˙ = ε
1˙2˙ = +1. (A.1)
We use the following sigma matrices:
σµ = σµ ≡ (−i1, σ
i), σ¯µ = σ¯µ ≡ (−i1,−σ
i), (A.2)
where σi are the Pauli matrices and σ¯µα˙α = εα˙β˙εαβσµ
ββ˙
holds. The Lorentz generators are
σµν ≡
1
4
(σµσ¯ν − σν σ¯µ), σ¯µν ≡
1
4
(σ¯µσν − σ¯νσµ), (A.3)
where
σµν =
1
2
εµνλρσλρ, σ¯
µν = −
1
2
εµνλρσ¯λρ, ε
0123 = ε0123 ≡ −1. (A.4)
We define 11
xαβ˙ ≡ ixµσ
µ
αβ˙
, xβ˙α ≡ ixµσ¯
β˙α
µ . (A.5)
The supersymmetry algebra is
{Qα, Q¯β˙} = 2σ
µ
αβ˙
Pµ, (A.6)
{Qα, Qβ} = {Q¯α˙, Q¯β˙} = 0, [Pµ, · ] = 0. (A.7)
11Note that here the factor i is contained so that these definitions to be the same as those using the
quaternion basis in the spinor notation. However we do not use a bar “¯” to indicate the conjugation of
a quaternion, since y¯µ is used to denote the antichiral coordinates.
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In the coordinate representation, the generators are written as
Qα =
∂
∂θα
− iσµαα˙θ¯
α˙ ∂
∂xµ
, Q¯α˙ = −
∂
∂θ¯α˙
+ iθασµαα˙
∂
∂xµ
, Pµ = i
∂
∂xµ
. (A.8)
The supercovariant derivatives are
Dα =
∂
∂θα
+ iσµαα˙θ¯
α˙ ∂
∂xµ
, D¯α˙ = −
∂
∂θ¯α˙
− iθασµαα˙
∂
∂xµ
. (A.9)
The chiral and antichiral coordinates are
yµ = xµ + iθασµαα˙θ¯
α˙, y¯µ = xµ − iθασµαα˙θ¯
α˙. (A.10)
We also define
yαα˙ ≡ iyµσ
µ
αα˙, y
α˙α ≡ iyµσ¯
α˙α
µ . (A.11)
Define the following basis in the cotangent space of the superspace:
(eA) = (eµ, eα, eα˙), e
µ = dyµ − 2idθσµθ¯, eα = dθα, eα˙ = dθ¯α˙. (A.12)
Then the exterior derivative d is expanded in the {eA}A=µ,α,α˙-basis as
d = eADA, (A.13)
where
(DA) =
(
∂/∂yµ, Dα, D
α˙
)
. (A.14)
The connection is a Lie algebra valued one-form:
φ = eAφA, φA = φ
r
AiT
r, (A.15)
(T r are the hermitian generators in a certain representation of the gauge group). We will
define
φµ|θ=θ¯=0 ≡ −
i
2
vµ, (A.16)
where vµ = v
r
µT
r is the gauge potential field.
The curvature two-form F is given by
F = dφ+ φ ∧ φ =
1
2
eA ∧ eBFBA. (A.17)
We find
FAB = DAφB − (−)
abDBφA − [φA, φB}+ TAB
CφC , (A.18)
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where a and b denote the Grassmann oddness of φA and DB, respectively, [·, ·} is a
supercommutator and TAB
C is the torsion defined by deC = 1
2
eAeBTBA
C whose non-
vanishing elements are Tαβ˙
µ = Tβ˙α
µ = 2iσµ
αβ˙
. We can see
Fµν |θ=θ¯=0 = −
i
2
vµν , (A.19)
where vµν = v
r
µνT
r is the usual field strength, vµν = ∂µvν − ∂νvµ +
i
2
[vµ, vν ].
The curvature two-form F satisfies the Bianchi identity: DF = dF−φ∧F +F ∧φ = 0,
or
1
2
eAeBeC
(
DCFBA − [φC , FBA}+
1
2
TCB
DFDA +
1
2
TCA
DFDB
)
= 0. (A.20)
The “zero dimensional Dirac operator” in the extended ADHM construction is defined
by
∆ˆα[k]×[n+2k] = ∆α + θαM, (A.21)
where
∆α ≡ aα + yαβ˙b
β˙ (A.22)
and
aα[k]×[n+2k] ≡
(
ωα[k]×[n] (a
′
αβ˙)[k]×[2k]
)
=
(
(ωα
i
u) (a
′
α1˙
i
j) (a
′
α2˙
i
j)
)
,
M[k]×[n+2k] ≡
(
µ[k]×[n] (M′β˙)[k]×[2k]
)
=
(
(µiu) (M′1˙
i
j) (M′2˙
i
j)
)
, (A.23)
with u = 1, . . . , n and i, j = 1, . . . , k. Note that we write a′αβ˙
j
i = ia
′µj
iσµαβ˙ . The
canonical form of b is defined as
(bα˙) =
(
b1˙
b2˙
)
=
(
0[k]×[n] 1k 0k
0[k]×[n] 0k 1k
)
. (A.24)
B The ‡-conjugation rules
In this appendix, we will describe a map which we call the ‡-conjugation. There are many
possibilities to choose a set of rules satisfying eqs. (3.1), (3.2) and (3.3) for imposing
“reality” conditions like eq. (3.4). The rules described here are one of the possible ways
which turns out to be sufficient for our purpose.
Let Aij, A
α
ij and A¯
α˙
ij are matrices in the “holomorphic sector” in terms of the ‡-
conjugation. We require the existence of the matrices in the “anti-holomorphic sector”
A˜ij , A˜
α
ij and
˜¯Aα˙ij, respectively. The matrices in the holomorphic sector and those in
the anti-holomorphic sector are related by the ‡-conjugation as follows: For a (bosonic or
fermionic) matrix A,
(A)‡ = A˜, (A˜)‡ = (−)|A|A. (B.1)
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For matrices with one spinor index,
(Aα)
‡ = A˜α, (A˜α)‡ = (−)|A|Aα (B.2)
(A¯α˙)
‡ = ˜¯Aα˙, ( ˜¯Aα˙)‡ = (−)|A¯|A¯α˙. (B.3)
As a consequence, we have A‡‡ = (−)|A|A, (Aα)‡‡ = (−)|A|Aα and (A¯α˙)‡‡ = (−)|A¯|A¯α˙. The
‡-conjugation of a product of two (bosonic or fermionic) quantities is defined by
(AB)‡ = (−)|A||B|B‡A‡. (B.4)
As long as the quantities in the anti-holomorphic sector are not specified, it is always
possible to consider such a map for any quantity.
For the quantities appearing in the (non-supersymmetric) pure gauge theory and also
in the ordinary ADHM construction, we require that the ‡-conjugation coincides with the
usual hermitian (complex) conjugation †: For example,
vµ
‡ = vµ
†, (ωα)
‡ = (ωα)
† = ω†α, (bα˙)‡ = (bα˙)† = b†α˙, (B.5)
(εαβ)
‡ = (εαβ)
∗ = −εαβ , (σµ
αβ˙
)‡ = (σµ
αβ˙
)∗ = −σ¯µβ˙α, etc. (B.6)
The changes of the upper and the lower spinor indices under the ‡-conjugation in (B.2)
and (B.3) have been arranged to allow us this identification. Then the corresponding
quantities in the anti-holomorphic sector are specified in accordance with the hermitian
(complex) conjugation rule for each quantity in the holomorphic sector. In particular, we
should notice that b˜α˙ = −b
†
α˙ in our convention.
For fermionic quantities with one spinor index, we are allowed to impose a “reality”
condition in terms of the ‡-conjugation. This is accomplished by identifying the anti-
holomorphic quantity with such a spinor itself. For example, we may require such spinors
ψα and ψ¯α˙ to satisfy ψ˜α = ψα and ˜¯ψα˙ = ψ¯α˙, that is,
(ψα)
‡ = ψα, (ψ¯α˙)
‡ = ψ¯α˙. (B.7)
The “reality” conditions (3.4) on θ and θ¯ are defined such that y‡µ = yµ holds.
For the other quantities appearing in this paper, we identify the anti-holomorphic
quantity with the hermitian (complex) conjugate, if it exists, of each holomorphic quantity
like
M˜ =M†, (B.8)
or with the quantity deduced from the known rules, if we can compute: For example, the
anti-holomorphic counterpart of ∆ˆα can be computed by using the rules for ∆α, θα and
M, such that ˜ˆ
∆α = ∆†α + θαM†. (B.9)
We should note that the hermitian conjugation and the ‡-conjugation for fermionic quanti-
ties do not commute in general. One of such examples isM: We have (M‡)† =M†† =M,
while (M†)‡ = M˜‡ = (−)|M|M.
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